ABSTRACT. We give a criterion for a Dynkin diagram, equivalently a generalized Cartan matrix, to be symmetrizable. This criterion is easily checked on the Dynkin diagram. We obtain a simple proof that the maximal rank of a Dynkin diagram of compact hyperbolic type is 5, while the maximal rank of a symmetrizable Dynkin diagram of compact hyperbolic type is 4. Building on earlier classification results of Kac, Kobayashi-Morita, Li and Saçlioglu, we present the 238 hyperbolic Dynkin diagrams in ranks 3-10, 142 of which are symmetrizable. For each symmetrizable hyperbolic generalized Cartan matrix, we give a symmetrization and hence the distinct lengths of real roots in the corresponding root system. For each such hyperbolic root system we determine the disjoint orbits of the action of the Weyl group on real roots. It follows that the maximal number of disjoint Weyl group orbits on real roots in a hyperbolic root system is 4.
INTRODUCTION
The theory of hyperbolic Kac-Moody groups and algebras naturally generalizes the theory of affine Kac-Moody groups and algebras which is itself the most natural generalization to infinite dimensions of finite dimensional Lie theory. Recently, hyperbolic and Lorentzian Kac-Moody groups and algebras have been discovered as symmetries of dimensionally reduced supergravity theories and are known to parametrize the scalar fields of supergravity theories via their coset spaces. They are conjectured to be symmetries of full supergravity theories ( [DHN] , [We] ) and to encode geometrical objects of M-theory ( [BGH] , [DHN] ) as well as the dynamics of certain supergravity theories near a space-like singularity ( [DHN] ).
It is desirable then to have a clear statement of the classification of hyperbolic Kac-Moody algebras, which may be obtained by classifying their Dynkin diagrams. This is achieved in analogy with the Cartan-Killing classification of finite dimensional simple Lie algebras which can be described in terms of a classification of their Dynkin diagrams.
It is known that the maximal rank of a hyperbolic Kac-Moody algebra is 10. This is determined by the following restrictive conditions:
(1) The fundamental chamber C of the Weyl group, viewed as a hyperbolic reflection group, must be a Coxeter polyhedron. The dihedral angles between adjacent walls must be of the form π/k, where k ≥ 2.
(2) The fundamental chamber C of the Weyl group must be a simplex, which gives a bound on the number of faces.
Such a 'Coxeter simplex' C exists in hyperbolic n-space H n for n ≤ 9 (see [VS] ). The bound on the rank of a hyperbolic Dynkin diagram can also be deduced by purely combinatorial means ( [KM] , [K] , [Li] , [Sa] ). Thus the maximal rank of a hyperbolic Kac-Moody algebra is 10 with a Lorentzian root space of signature (9, 1).
The data for constructing a Kac-Moody algebra includes a generalized Cartan matrix which is a generalization of the notion of a Cartan matrix for finite dimensional Lie algebras, and which encodes the same information as a Dynkin diagram. Given a generalized Cartan matrix, or its Dynkin diagram, and a finite dimensional vector space h satisfying some natural conditions, Gabber and Kac defined a Kac-Moody algebra by generators and relations in analogy with the Serre presentation for finite dimensional simple Lie algebras ([GK] ).
'Symmetrizability' is an important property of the generalized Cartan matrix of a Kac-Moody algebra, necessary for the existence of a well-defined symmetric invariant bilinear form (· | ·) on the Kac-Moody algebra. This invariant bilinear form plays the role of 'squared length' of a root. When a generalized Cartan matrix is not symmetrizable, a Kac-Moody algebra may still be constructed, though one must keep track of the discrepancies in the definition of (· | ·).
One of our motivations in completing this work was to understand the appearance of hyperbolic Dynkin diagrams in cosmological billiards. In [dBS] , de Buyl and Schomblond identify the hyperbolic Kac-Moody algebras for which there exists a Lagrangian of gravity, dilatons and p-forms which gives rise to a billiard that can be identified with the fundamental chamber of the Weyl group of the Kac-Moody algebra. In [HJ] , Henneaux and Julia compute the billiards that emerge for all pure supergravities in D = 4 spacetime dimensions, as well as for D = 4, N = 4 supergravities coupled to k Maxwell supermultiplets. They show that the billiard tables for all these models are the Weyl chambers of hyperbolic Kac-Moody algebras. It is striking that in D = 3 spacetime dimensions, all coherently directed Dynkin diagrams of noncompact hyperbolic type and without closed circuits occur in the analysis of [dBS] and [HJ] .
The paper of [dBS] pointed out an error in the paper of Saçlioglu ([Sa] ) who omitted 6 hyperbolic Dynkin diagrams in his account of the classification of symmetric and symmetrizable hyperbolic Dynkin diagrams. De Buyl and Schomblond gave the 6 Dynkin diagrams which they believe were omitted by Saçlioglu in [dBS] , p 4491, though they did not verify symmetrizability. Some searching of the literature revealed other accounts of the classification by Li ([Li] ) and Kobayashi and Morita ([KM] ). However neither of these papers are as accessible or detailed as the paper of Saçlioglu. Moreover, there is no complete and accessible account of the classification of hyperbolic Dynkin diagrams in the literature that is free of errors. For example Kobayashi and Morita simply listed the symmetric or symmetrizable hyperbolic Dynkin diagrams in an appendix to their paper [KM] without verification and is not searchable in the literature. An account of Li's classification was also written by Wan in [W] but contains a number of omissions and misprints. There is also a wide variety of notation in use for given hyperbolic diagrams, with no systematic conventions.
Comparing the independent classification results of Kac ([K] ), Kobayashi-Morita ([KM] ), Li ([Li] ) and Saçlioglu ([Sa] ), we note that the total number of hyperbolic Dynkin diagrams in ranks 3-10 is 238, and is not in question. Moreover 142 of these are claimed to be symmetrizable by Kobayashi-Morita, though a criterion for symmetrizability was not given. Saçlioglu also did not give a reason why the 136 diagrams he demonstrated are symmetrizable. The results of Kobayashi-Morita appear to confirm the claim of de Buyl and Schomblond that Saçlioglu omitted 6 Dynkin diagrams, except for a missing verification of symmetrizability in [KM] .
While there are 4 independent accounts of different parts of the classification which can be compared and merged, we obtained our own account of the classification from scratch, using the well established methods described by the above authors. We generated the possible hyperbolic Dynkin diagrams independently of previous authors and we compared our results with the existing accounts. To ensure accuracy, this process was undertaken independently by at least 3 of the authors of this paper, and our results were compared. We confirm that the total number of hyperbolic Dynkin diagrams in ranks 3-10 is 238. Our independent check that each of the 238 diagrams claimed by the above authors can occur has revealed further errata in the literature, which we list in Section 8.
We believe that determining symmetrizability is a crucial component of the classification, and that the lack of criterion for verifying symmetrizability has led to errors in the past. We obtain a criterion for symmetrizability which we apply to each hyperbolic Dynkin diagram. We can therefore confirm the claim that there are 142 symmetrizable hyperbolic Dynkin diagrams. Applying our symmetrizability criterion assisted us in obtaining a correct statement of the classification.
Our symmetrizability criterion for Dynkin diagrams also leads to a simple proof that the maximal rank of a Dynkin diagram of compact hyperbolic type is 5, while the maximal rank of a symmetrizable Dynkin diagram of compact hyperbolic type is 4 (Section 3).
We give detailed and complete tables of all hyperbolic Dynkin diagrams: symmetric, symmetrizable and non symmetrizable, and we summarize the existing notation for hyperbolic diagrams (Section 7). For each symmetrizable hyperbolic generalized Cartan matrix, we give a symmetrization and hence the distinct root lengths in the corresponding root system. The Dynkin diagrams which are indefinite but not hyperbolic are too numerous to classify, however Gritsenko and Nikulin have a program to classify those indefinite Kac-Moody algebras whose root lattices coincide with Lorentzian lattices. The reader is referred to [GN] for a survey of this work which is based on earlier work of Vinberg ([Vi] ) on the classification of Lorentzian lattices.
We also consider the properties of the root systems of hyperbolic Kac-Moody algebras. It is natural to try to determine the structure of the Weyl group orbits on roots. Let W denote the Weyl group of a Kac-Moody root system ∆. In the finite dimensional case, all roots are Weyl group translates of simple roots. For infinite dimensional Kac-Moody root systems, there are additional mysterious roots of negative norm ('squared length') called imaginary roots. A root α ∈ ∆ is therefore called real if there exists w ∈ W such that w(α) is a simple root. A root α which is not real is called imaginary.
The real and imaginary roots of hyperbolic root systems and their images under the Weyl group are known to have a physical interpretation. For example, in cosmological billiards, the walls of the billiard table are related to physical fluxes that, in turn, are related to real roots. In [BGH] Brown, Ganor and Helfgott show that real roots correspond to fluxes or instantons, and imaginary roots correspond to particles and branes. In [EHTW] Englert, Houart, Taormina, and West give a physical interpretation of Weyl group reflections in terms of M-theory.
In the finite dimensional case, the Weyl group is transitive on roots of the same norm, that is, roots of the same norm all lie in the same Weyl group orbit. The root systems of infinite dimensional algebras, such as hyperbolic algebras, have the mysterious property that roots of the same norm can lie in distinct Weyl group orbits. This was proven in [CCP] where the authors gave a simple criterion for checking if simple roots lie in the same orbit of the Weyl group, and this criterion can be checked easily on the Dynkin diagram. This criterion extends naturally to all real roots of the Kac-Moody root system. We therefore include a complete tabulation of the Weyl group orbits on real roots of symmetrizable hyperbolic root systems which are included in our tables in Section 7.
We thank the referees for helpful comments which assisted us in clarifying some aspects of our exposition.
SYMMETRIZABILITY
Let A = (a ij ), i, j ∈ {1, 2, . . . , ℓ} be a generalized Cartan matrix. That is, the entries of A are integers and the following conditions are satisfied ( [K] ): 
Then a 12 a 23 a 31 = −4 = −2 = a 21 a 32 a 13 . Hence, A is not symmetrizable.
We will give an equivalent criterion for determining symmetrizability based on the Dynkin diagram D of a generalized Cartan matrix A. As a corollary we will also be able to construct the symmetrizing diagonal matrix D, such that DA is symmetric.
We recall the construction of the Dynkin diagram D from the generalized Cartan matrix A. The vertices V = {v 1 , · · · , v ℓ } correspond to the columns (or rows) of A in that order. The edge e ij = (v i , v j ) (i = j) between v i and v j depends on the entries a ij , and a ji of A. The edges between v i and v j can be characterized as follows:
(c) Directed arrow with double, triple or quadruple edges (asymmetric):
if a ij = −1, and a ji = −2, −3, or −4, respectively;
(d) Double edges with double-headed arrow (symmetric):
if it is none of the above types, and
We call an edge of a Dynkin diagram symmetric if a ij = a ji , and asymmetric otherwise.
We will refer to an oriented edge (v i , v j ) of the type (c) as an arrow of multiplicity 2, 3, or 4 (respectively). The multiplicity of an oriented labeled edge of type (e) is b/a. If the multiplicity of (v i , v j ) is m, then the multiplicity of the oppositely oriented edge, (v j , v i ), is m −1 . All symmetric edges have multiplicity 1.
Note that the multiplicity of the oriented edge (v i , v j ) is given by a ji /a ij . We denote this by
balanced if the product of the multiplicities of the (oriented) edges in the cycle is 1 when traversed in any particular direction (i.e., clockwise, or counter clockwise).

Theorem 2.4. Let D be a Dynkin diagram. Then A is symmetrizable if and only if each cycle in D is balanced.
Proof: We will show that the above criterion based on the Dynkin diagram D is equivalent to Kac's criterion, based on the generalized Cartan matrix A for symmetrizability.
Note that vertices v i and v j are connected by an edge in D if and only if a ij = 0.
If the above product is zero then so is the 'reverse' product a i 2 i 1 · · · a i 1 i k (since, we assume a ij = 0 ⇔ a ji = 0). So the nontrivial conditions in Kac's criterion correspond to conditions on the cycles of D.
A nontrivial relation in Kac's criterion can be rewritten as
The product in the left hand side of the above equation is the product of the multiplicities of the edges in the cycle
Hence, the result follows.
Proposition 2.5. Let A be a symmetrizable generalized Cartan matrix, and D be the corresponding
be the diagonal matrix that symmetrizes A. Then we have
whenever v i and v j are connected by an edge. Therefore,
Proof:
If the vertices v i and v j of D are connected by an edge, then the a ij and a ji are nonzero. Since D ij A ij is symmetric we have
Remark. By Proposition 2.5, given a Dynkin diagram D of a generalized Cartan matrix A, the symmetrizablity can be readily inferred, and the symmetrizing matrix D (if A is symmetrizable) can be readily computed by inspection of D.
CLASSIFICATION
The rank 2 hyperbolic generalized Cartan matrices, infinite in number are:
We recall that the following are the only 2×2 affine generalized Cartan matrices: Proof: Since the rank of A is ≥ 4, by the proposition, A cannot contain a A
2 indecomposable proper submatrix. Let A 0 be any proper rank 2 submatrix. Then A 0 itself cannot be affine or hyperbolic. The diagonal entries of A 0 must equal 2 since A 0 is proper. The remaining entries must necessarily be 0, -1, -2 or -3, with det(A 0 ) > 0. That is, A 0 is of finite type. Proof. Suppose D is of compact hyperbolic type. Then, if D contains a cycle, it must itself be a cycle; otherwise, deleting off-cycle vertices will give a cycle as a proper subdiagram. Since there are no cycles of finite type, this would give a subdiagram of affine type which is a contradiction. If D is a cycle, then deleting a vertex will leave the remaining n − 1 vertices connected, because they all lie on the same cycle. If D does not contain a cycle, then deleting any vertex that is connected to only 1 other vertex will leave a connected subdiagram of n − 1 vertices, because all the other vertices were connected in the original diagram. Now suppose D is non-compact. Then it contains a proper connected affine diagram, and so, by Corollary 3.4, we have that this affine subdiagram must have n − 1 vertices. Therefore, all hyperbolic Dynkin diagrams of rank n have a connected subdiagram of rank n − 1. We refer the reader to ( [K] , Ch 4), [Sa] and [Li] for a proof. This completes the proof that there are no acyclic compact hyperbolic diagrams of rank greater than four. Since the only compact hyperbolic diagram of rank greater than 4 is the nonsymmetrizable rank 5 cycle with a unique double edge (diagram 183 in Table 16 , Section 7), the result follows.
ROOT LENGTHS
Let ρ denote the number of distinct root lengths of real roots in a root system corresponding to a Dynkin diagram D. It is observed in ( [K] , §5.1) that if m is the maximum number of arrows in a coherently directed path in D, then there are simple roots of m + 1 distinct root lengths. In fact, we have that for simple roots α i , α j ,
where
gives a symmetrization of the generalized Cartan matrix A associated to D. Thus, the number of simple roots with distinct root length equals the number of
A real root is the image of a simple root under the action of an element of the Weyl group. Note that the elements of the Weyl group preserve root length. Therefore, the number of distinct lengths of real roots in a root system equals the number of distinct lengths of the simple roots of the root system, and so ρ equals the number of distinct d i in D.
It is well known that for finite root systems, ρ is at most 2, and for affine root systems, ρ is at most 3 ( [K] , §5.1). We recall that all finite and affine Dynkin diagrams are symmetrizable. Hence, in a discussion about root lengths for such root systems, the assumption of symmetrizability is not necessary. In [CCP] , the authors prove the following. 
(2) For all i, j ∈ J there exists w ∈ W such that α i = wα j .
The following corollary is immediate. Given any Dynkin diagram D, we can therefore determine the disjoint orbits of the Weyl group on real roots by determining the simply laced skeleton D * . We tabulate the disjoint orbits for each hyperbolic Dynkin diagram D in Section 7.
EXTENDED AND OVEREXTENDED DYNKIN DIAGRAMS
Let ∆ be a finite root system, that is, the Dynkin diagram of a root system of a finite dimensional Lie algebra. We assume that ∆ is indecomposable. In this case there is no decomposition of ∆ into a union of 2 subsets where every root in one subset is orthogonal to every root in the other. Let Π = {α 1 , . . . , α ℓ } be the simple roots of ∆. For ∆ indecomposable, there is a unique root δ called the maximal root that is a linear combination of the simple roots with positive integer coefficients. The maximal root δ satisfies (δ, α) ≥ 0 for every simple root α and (δ, β) > 0 for some simple root β, where (· | ·) is the positive definite symmetric bilinear form corresponding to ∆ ( [OV] ). Example -E 10 : Let ∆ be the Dynkin diagram for E 8 . We label the first vertex of the 'long tail' by 1. Adding a vertex labeled 0 and connecting vertices 0 and 1 by a single edge yields the extended Dynkin diagram ∆ ′ which corresponds to the affine Kac-Moody algebra E 9 = E 
NOTATION AND TABLES
We present below a comprehensive tabulation of all hyperbolic diagrams listed in [Sa] , [KM] and [Li] with all errata from these tables corrected. In particular we include the missing diagrams of [Sa] that were pointed out by [dBS] . We present a summary of the errata in the existing literature in Section 8.
The diagrams in our tables generally follow Li's ordering and orientation of edges. Symmetrizable diagrams follow Saçlioglu's labeling. In these cases, the orientation of edges used by Li is changed if necessary.
The Dynkin diagrams in our tables correspond to isomorphism classes of Kac-Moody algebras. In rank 3 where relevant, we also use the notation Ig(a, b) which corresponds to the generalized Cartan matrix 
where C(g) is the Cartan matrix of a Lie algebra or Kac-Moody algebra g. For many positive integer values of a and b, Ig(a, b) is a generalized Cartan matrix of indefinite type. We use the standard finite or affine notation for C(g), and we refer the reader to [K] for tables and notation of finite or affine type. Built into the notation Ig(a, b) is an assumption that the first vertex of the Dynkin diagram is connected to the second vertex (ordered left to right) and not to any other vertex. Thus in many cases we do not list the Ig(a, b) notation since it corresponds to a different ordering than our chosen ordering of vertices.
For Dynkin diagrams of noncompact hyperbolic type, the third index represents Kac's notation AE n , BE n , CE n , DE n , T (p, q, r) where appropriate. Where relevant, the fourth index is of the form Aff ∧ , where 'Aff' is a Dynkin diagram of affine type and ' ∧ ' represents an extension of Aff by adding one vertex and a single edge. As in the previous section, we follow the convention of extending at the vertex labelled 0, though this labeling does not appear in the tables. The notation HAff is used in some papers in place of Aff ∧ , and the notation Aff ′∧ is used to denote the dual of Aff ∧ . 5.
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19 , E (ii) Symmetric diagram no. 29 of Section 7 is missing (noted in [dBS] ).
(iii) Symmetric diagram no. 136 of Section 7 is missing (noted in [dBS] ).
(iv) Symmetric diagram no. 146 of Section 7 is missing (noted in [dBS] ).
(v) Symmetric diagram no. 170 of Section 7 is missing (noted in [dBS] ).
(vi) Symmetric diagram no. 197 of Section 7 is missing (noted in [dBS] ).
(vii) Symmetric diagram no. 198 of Section 7 is missing (noted in [dBS] ).
Errata in the book of Wan ([W] )
There are numerous misprints in Section 2.6 of this book that presents an account of Li's classification. For example, there are many missing edges and edge orientations. We list a few of these below. 21 should have 4 edges on left to match [Li] , and should have double arrow on right as per erratum (1) of [Li] above.
(ii) H (3) 73 is incorrect as per erratum (2) of [Li] above. (This is not a misprint, but a copy of Li's error.) (iii) H 35 is missing a downward 2-arrow.
